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Abstract—Neuro-symbolic reasoning systems face fundamental
challenges in maintaining semantic coherence while satisfying
physical and logical constraints. Building upon our previous
work on Ontology Neural Networks, we present an enhanced
framework that integrates topological conditioning with gradient
stabilization mechanisms. The approach employs Forman-Ricci
curvature to capture graph topology, Deep Delta Learning for
stable rank-one perturbations during constraint projection, and
Covariance Matrix Adaptation Evolution Strategy for parameter
optimization. Experimental evaluation across multiple problem
sizes demonstrates that the method achieves mean energy re-
duction to 1.15 compared to baseline values of 11.68, with
95 percent success rate in constraint satisfaction tasks. The
framework exhibits seed-independent convergence and graceful
scaling behavior up to twenty-node problems, suggesting that
topological structure can inform gradient-based optimization
without sacrificing interpretability or computational efficiency.

Index Terms—ontology neural networks, topological learning,
neuro-symbolic Al, constraint satisfaction, Forman-Ricci curva-
ture, deep delta learning, evolutionary strategies

I. INTRODUCTION

Integrating symbolic reasoning with neural learning remains
a central challenge in artificial intelligence. While neural
networks excel at pattern recognition and gradient-based opti-
mization, they often struggle to maintain explicit constraints or
provide interpretable intermediate representations. The opacity
of deep neural representations makes it difficult to verify
whether learned policies respect domain knowledge or phys-
ical laws. Conversely, symbolic systems offer logical trans-
parency and formal guarantees but lack the flexibility to learn
from noisy, incomplete data or adapt to distributional shifts.
Recent neuro-symbolic approaches attempt to bridge this gap
by embedding symbolic structures within differentiable ar-
chitectures, yet many frameworks encounter difficulties when
faced with problems that require both continuous optimization
and discrete constraint satisfaction. The challenge intensifies
when constraints are heterogeneous—spanning data-driven
objectives, physical feasibility conditions, and logical consis-
tency requirements—each pulling the optimization in different
directions.

In our previous work [1], we introduced Ontology Neural
Networks (ONNs) as a framework for topological reasoning,
where semantic relationships are encoded as graph structures
with explicit ontological constraints. The approach demon-

strated that Forman-Ricci curvature and persistent homology
can capture relational integrity during scene evolution. How-
ever, the original formulation faced limitations in gradient sta-
bilization when projecting onto constraint manifolds, leading
to convergence issues under certain initial conditions.

This paper addresses these limitations by integrating Deep
Delta Learning [2], a recently proposed mechanism that gener-
alizes residual connections to learnable rank-one perturbations.
The Delta operator parametrizes shortcut connections with
a reflection direction vector and a gating scalar, enabling
dynamic interpolation between identity mapping, orthogonal
projection, and geometric reflection. By incorporating this
structure into the constraint projection step, we observe im-
proved gradient flow and reduced sensitivity to initialization.

To handle the high-dimensional parameter space inherent
in graph-based semantic reasoning, we employ the Covari-
ance Matrix Adaptation Evolution Strategy (CMA-ES) [3],
a derivative-free optimization algorithm that adaptively esti-
mates the covariance structure of promising search directions.
The combination of topological conditioning, stable gradient
updates, and evolutionary parameter search yields a system
that can satisfy multiple constraint types simultaneously while
maintaining semantic coherence.

The contributions of this work can be summarized as
follows:

o We present an enhanced ONN architecture that integrates
Deep Delta Learning for stable constraint projection,
addressing the gradient instability observed in previous
formulations.

o We demonstrate that combining Forman-Ricci curvature
with CMA-ES optimization enables scale-invariant per-
formance across problem sizes ranging from two to
twenty nodes.

e« We provide experimental evidence that the proposed
method achieves seed-independent convergence, with
mean energy reduction to 1.15 compared to baseline
values exceeding 11, across twenty random initializations.

o We analyze the interplay between topological structure,
constraint satisfaction, and gradient dynamics, offering
insights into when topological conditioning can inform
gradient-based optimization without sacrificing computa-
tional efficiency.
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Fig. 1. ONN System Overview: The pipeline begins with raw semantic graph Gra containing N nodes with 64-dimensional state vectors, passes through
LOGOS (Logical Ontological Generator for Self-Adjustment) projection (Tmax = 10 iterations, 7 = 106 tolerance) for constraint satisfaction, and integrates
CMA-ES (Apop = 4 + [31Ind] population) for parameter optimization. The system balances data fidelity (Aga), physical constraints (Aphys)> and logical

consistency (Ajogic) through iterative refinement.

Figure 1 provides an overview of the complete system
architecture, showing how raw semantic graphs flow through
LOGOS projection and CMA-ES optimization to achieve
constraint satisfaction.

The remainder of this paper is organized as follows. Section
II reviews related work in neuro-symbolic Al, topological deep
learning, and constraint optimization. Section III describes
the methodology, including the ONN architecture, Deep Delta
integration, and CMA-ES optimization. Section IV presents
experimental results across scaling studies, ablation analyses,
and seed robustness tests. Section V discusses implications,
limitations, and future directions.

II. RELATED WORK
A. Neuro-Symbolic Integration

Neuro-symbolic Al seeks to combine the learning capa-
bilities of neural networks with the interpretability of sym-
bolic reasoning [4]. Early approaches, such as Logic Tensor
Networks [5], embed logical formulas into continuous vector
spaces, enabling gradient-based optimization of logical con-
straints. However, these methods often require careful design
of differentiable approximations to logical operations, which
can introduce artifacts or limit expressive power. Differen-
tiable optimization layers [6] have emerged as an alternative,
embedding optimization solvers directly into neural network
architectures to enforce constraints during the forward pass.

More recent work explores hybrid architectures where neu-
ral modules handle perception and feature extraction, while
symbolic modules perform structured reasoning. Knowledge

graphs [7] and semantic networks [8] provide explicit rela-
tional structures that can guide neural attention mechanisms.
Translational embedding methods such as TransE [9] encode
entities and relations as vectors, enabling algebraic operations
over symbolic knowledge. Ontology engineering [10] provides
formal principles for structuring domain knowledge, ensuring
semantic consistency and interoperability. Our approach differs
in that we treat the graph structure itself as a dynamic entity
subject to topological constraints, rather than a static scaffold
for neural computation.

B. Topological Deep Learning

Topological Data Analysis (TDA) [11] has gained attention
for its ability to capture multi-scale structural properties of
data. Persistent homology [12] computes topological features
that persist across filtration scales, providing signatures robust
to noise and deformation. Several works have explored inte-
grating TDA with deep learning, typically by using topological
features as additional input channels or regularization terms.

Forman-Ricci curvature [13] offers a discrete analog of
Riemannian curvature for graphs, quantifying how edges con-
tribute to local connectivity and bottleneck structure. This
curvature measure has been applied to analyze network topol-
ogy in diverse domains, including Internet routing and social
networks [14]. Previous applications of discrete curvature in
machine learning have focused on graph coarsening, commu-
nity detection, and generative modeling. We extend this line
of work by using curvature to inform constraint projection in



a neuro-symbolic setting, where topological invariants serve
as soft guidance for gradient flow rather than hard constraints.

C. Residual Connections and Deep Delta Learning

Residual networks [15] introduced skip connections that
allow gradients to flow directly through network layers, mit-
igating vanishing gradient problems in deep architectures.
These connections take the form of identity mappings added
to layer outputs. Deep Delta Learning [2] generalizes this
structure by parametrizing skip connections as rank-one per-
turbations of the identity, controlled by a reflection direction
and a gating scalar. This formulation enables the network to
dynamically interpolate between identity mapping, projection,
and reflection, depending on input data.

The Delta operator has been shown to improve gradient sta-
bility and feature interpretability in supervised learning tasks.
Our contribution lies in adapting this mechanism to constraint
projection in graph-structured semantic reasoning, where the
reflection direction is determined by constraint gradients and
the gating scalar modulates the projection strength.

D. Constraint Satisfaction and Evolutionary Optimization

Constraint satisfaction problems (CSPs) [16] require finding
assignments that satisfy multiple simultaneous conditions. Tra-
ditional CSP solvers use backtracking, constraint propagation,
or local search. When constraints are differentiable, projected
gradient methods [17], [18] can be employed, where each gra-
dient step is followed by a projection onto the constraint mani-
fold. Multi-objective optimization [19] extends this framework
to settings where multiple potentially conflicting objectives
must be balanced, resulting in Pareto-optimal solution sets
rather than single optima.

Evolutionary algorithms, such as CMA-ES [3], offer an
alternative optimization paradigm that does not rely on gra-
dient information. CMA-ES maintains a Gaussian search dis-
tribution whose mean and covariance are updated based on
the fitness of sampled solutions. This approach is particularly
effective in high-dimensional, non-convex landscapes where
gradient-based methods may struggle. Neural architecture
search [20] has demonstrated the power of evolutionary and
reinforcement learning methods for hyperparameter optimiza-
tion in deep learning. By combining CMA-ES with gradient-
informed constraint projection, we leverage the strengths of
both paradigms: gradient information guides local refinement
while evolutionary search enables global exploration.

E. Graph Neural Networks

Graph Neural Networks (GNNs) [21] aggregate informa-
tion from neighboring nodes to update node representations,
enabling learning on graph-structured data. Graph Attention
Networks [22] extend this paradigm by introducing attention
mechanisms that allow nodes to weight neighbor contributions
adaptively. Message Passing Neural Networks [23] provide
a general framework unifying various GNN architectures
through iterative message passing and aggregation operations.
These methods have been applied to tasks such as node

classification, link prediction, and graph generation. However,
standard GNN architectures do not explicitly enforce semantic
or physical constraints during training, which can lead to
representations that violate domain knowledge.

Scene graph generation [24] demonstrates the importance
of structured reasoning over visual scenes, where objects
and their relationships must satisfy spatial and semantic
constraints. Several works have proposed constrained GNNs
that incorporate domain-specific priors, such as energy con-
servation or symmetry properties. Our approach differs in
that we treat constraints as part of a topologically-informed
optimization process, where constraint violation is not merely
penalized but actively corrected through projection, guided by
curvature-based heuristics. This enables explicit enforcement
of heterogeneous constraint types—data fidelity, physical fea-
sibility, and logical consistency—within a unified optimization
framework.

III. METHODOLOGY
A. Ontology Neural Network Architecture

An Ontology Neural Network represents semantic knowl-
edge as a directed graph G = (V, &), where each node v € V is
associated with a 64-dimensional state vector s, € R%%. This
state vector is decomposed into three semantic components
(see Figure 2):

v = [bv§fv§iv] (1)

where b, € R!'6 encodes physical boundaries, f, € R32
represents visual or structural form, and i, € R16 captures
functional intent. This explicit decomposition facilitates in-
terpretability by allowing inspection of each semantic aspect
independently.

Edges e = (u,v) € & encode relational dependencies
between nodes. Each edge is weighted by a semantic affinity
measure derived from the cosine similarity of connected node
states. The graph topology evolves during optimization to
reflect changing relationships while preserving constraints
defined by the problem domain.

B. Topological Conditioning via Forman-Ricci Curvature

To capture the topological structure of the semantic graph,
we employ Forman-Ricci curvature, a discrete curvature mea-
sure applicable to cell complexes. For an edge e = (u,v), the

Forman-Ricci curvature is defined as:
1 w(e’)
r(e) = w(e
=) (o e~ T )
(2)

deg(u) |

where w(e) denotes the edge weight, deg(u) is the degree of
node u, and the sum runs over edges €’ adjacent to e. Positive
curvature indicates densely connected regions, while negative
curvature signals bottlenecks or bridge-like structures.

Curvature values inform the constraint projection process
by modulating step sizes according to local topology. Edges
with high positive curvature receive smaller step sizes to
avoid overshooting in dense regions, while edges with negative

deg deg(v)
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Fig. 2. State Vector Anatomy: Each node’s 64-dimensional state s, € R decomposes into Bound (b, € R6, physical boundaries), Form (f, € R32,
structural/visual properties), and Intent (i, € R6, functional purpose). Edge weights are computed via cosine similarity of connected node states.

curvature are allowed larger adjustments to navigate sparse
connectivity.

C. Deep Delta Learning for Gradient Stabilization

Constraint projection in ONNs requires iterative adjustment
of node states to satisfy physical, logical, and semantic con-
straints. Traditional projected gradient descent can suffer from
instability when constraint manifolds have complex geometry.
We address this by incorporating Deep Delta Learning, which
parametrizes state updates as rank-one perturbations (see Al-
gorithm 1).

Notation. We use s, € R to denote the state of node
v, and sg,t) for its value at iteration t. In the Deep Delta
formulation, we use generic notation x, to represent any
state vector at iteration ¢, which corresponds to sSf) when
applied node-wise in LOGOS. The hyperparameters optimized
by CMA-ES are denoted 6 = (Adata, Aphys, Alogics 5)-

Given a current state x, at iteration ¢, the Delta operator
computes the next state as:

xpp1 =%+ B (kKT (v—x)) -k 3)

where k € R5 is a unit reflection direction vector (||k|| = 1),
v € R% is a target state derived from constraint gradients, and
B € [0,2] is a gating scalar. The term k” (v—x;) computes the
scalar projection of the residual onto the reflection direction.
When 6 = 0, the update reduces to the identity mapping.
When g8 = 1, it performs an orthogonal projection onto
the hyperplane orthogonal to k. When 5 = 2, it realizes a
geometric reflection.

In our implementation, k is set to the normalized constraint
gradient, and f3 is learned during the CMA-ES optimization
phase. This allows the system to dynamically adjust the projec-
tion strength based on the local constraint landscape. The rank-
one structure ensures that the update lies in a one-dimensional
subspace spanned by k, which stabilizes gradient flow by

Algorithm 1 Deep Delta Fusion Step

Require: Current state x € R%%, gradient g € R%*, gating
scalar 3 € [0, 2], target state v € R4
Ensure: Updated state x’ € R6
1: if ||g|| < € then
2:  return x {e = 1078; gradient vanished}
3: end if
4: Normalize gradient: k < g/||g||
5: Compute residual: r < v — x {Vector in R4}
6: Compute scalar projection: p < k’r {Scalar: projection
onto k}
Apply rank-1 perturbation: x’ < x+ 8 -p-k
8: Clip to bounds (optional): x’ < clip(x’, —1,1)
9: return x’

~

limiting the maximum eigenvalue of the implicit Jacobian
matrix. This property is particularly valuable when navigating
regions of the constraint manifold with high curvature or near
constraint boundaries.

D. Multi-Objective Constraint Satisfaction

The overall objective function balances three types of con-
straints (illustrated in Figure 3):

Ltotal = AdataLdala + Aphysthys + AlogicLlogic (4)

where Ly, measures deviation from observed data, Lppys
penalizes violations of physical constraints (such as collision
avoidance or energy bounds), and Ljegc enforces logical con-
sistency among relational predicates. The weight coefficients
Adatas Aphys> and Ajogic are hyperparameters that determine the
relative importance of each constraint type.

Physical constraints are expressed as inequality conditions
on node positions and edge configurations. For example, col-
lision avoidance requires that the Euclidean distance between
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Fig. 3. Data-Logic-Physics Trade-off Triangle: The optimization navigates a three-way tension between data fidelity, logical consistency, and physical feasibility.
Moving nodes to satisfy one constraint type often violates others, requiring careful balancing via weighted loss components.

Algorithm 2 LOGOS Core Projection

Require: Graph G = (V, £), initial states {sq(,o)}, weights A =
(Adata> Aphyss Alogic)» tolerance 7 = 107%, max iterations
Thax = 10

Ensure: Projected states {s}} satisfying constraints

1:t+0
2: repeat

3 ComPUte Ltotal = )\dataLdata + )\physthys + )\logicLlogic

4:  for each node v € V do

5: Compute gradient g, <= Vg, Liotal

6: if ||g,|| > € then

7: Normalize: k, < g,/|g.|| {e=10"8}

8 Compute target: v, + sy’ — ag, {a =0.01}

9: Compute residual: r,, < v, — svt

10: Compute projection: p, < kZr, {Scalar}

11: Update: sgﬂ) — sgt) + B py - ky

12: end if

13:  end for

14:  Project states onto constraint manifold

15: t<+t+1

16: until Lo < 7 or t > Thax

17: return {sq(,t)}

certain node pairs exceeds a threshold. Logical constraints en-
force semantic rules, such as transitivity of ordering relations
or exclusivity of categorical assignments.

E. LOGOS: Constraint Projection via Gradient Descent

The LOGOS (Logical Ontological Generator for Self-
Adjustment) module performs iterative constraint projection
(see Figure 4). At each iteration ¢, LOGOS computes gradients
of Ly with respect to node states and applies the Delta
operator to update states while respecting constraint manifolds.
Algorithm 2 provides the detailed procedure.

The projection process terminates when the constraint vio-
lation falls below a tolerance 7 or after a maximum number of
iterations T In practice, we set 7 = 1076 and T} = 10.
The use of Deep Delta Learning significantly reduces the
number of iterations required for convergence compared to
standard projected gradient descent. The algorithm maintains
a trace of intermediate states for diagnostics and meta-level
decision making.

F. CMA-ES for Parameter Optimization

The weight coefficients A = (Adata, Aphys, Mlogic) and the
gating scalar [ are optimized using CMA-ES (see Algo-
rithm 3). The fitness function evaluates the final energy FEfna
after LOGOS projection, along with auxiliary metrics such as
convergence rate and constraint violation magnitude.

CMA-ES maintains a multivariate Gaussian distribution
over parameter space, with mean m € R and covariance
matrix C € R¥*? At each generation, candidate parame-
ter vectors are sampled from this distribution, evaluated via
LOGOS projection, and ranked by fitness. The distribution
is then updated to increase the probability of sampling high-
fitness regions. This process continues until convergence or
a budget of function evaluations is exhausted. The adaptive
step size mechanism ensures exploration in early stages and
exploitation near convergence.

The combination of gradient-based projection (LOGOS) and
gradient-free optimization (CMA-ES) allows the system to
navigate both the constraint manifold and the hyperparameter
landscape effectively. This hybrid approach proves particularly
valuable in scenarios where gradient information may be unre-
liable due to non-smoothness or noise in the fitness landscape.

G. Normalization and Scalability

To ensure scale-invariant performance across problem sizes,
we normalize constraint losses by the number of nodes N
or edges |£]|, converting sums of squared errors to mean
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squared errors. This normalization prevents larger problems
from dominating the loss landscape and enables consistent
hyperparameter settings across varying problem scales. The
meta-level monitoring illustrated in Figure 5 provides addi-
tional robustness by adapting optimization strategies based on
real-time convergence diagnostics.

IV. EXPERIMENTAL EVALUATION

A. Experimental Setup

We evaluate the proposed ONN framework on synthetic
constraint satisfaction tasks involving graph structures with
varying numbers of nodes. The improvements from v1 to v2

(summarized in Figure 6) form the basis for the experimental
comparisons presented in this section. Each problem instance
specifies a set of nodes with random initial positions, along
with physical constraints (collision avoidance, boundary lim-
its) and logical constraints (relational dependencies).
Experiments are conducted across three dimensions: loss
dynamics during optimization, seed robustness across twenty
random initializations, and scaling behavior as problem size
increases from two to twenty nodes. All experiments use
Python 3.12 with PyTorch 2.3.1 and are executed on a standard
workstation with an Intel 17 processor. No GPU acceleration is
used, as the graph sizes remain tractable for CPU computation.
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Algorithm 3 CMA-ES Optimization Loop
Require: Problem dimension d, population size Apop = 4 +
|31nd], initial mean m(® | initial step size o =0.3
Ensure: Optimized parameters m*
1: Initialize covariance matrix C < I
2: Set parent count p — IL)\pop /2] .
3: Set weights w; Zf:rllémﬁft));)ﬂnj)
4: g + 0 {Generation counter}
5: repeat
6: fori=11to \y,p do
Sample z; ~ N (0,C)
69 « m@ 4 59z,
Evaluate fitness f; « LOGOS(GEQ))
10:  end for
11:  Sort population by fitness: f1) < fiz) < -+ < fia

(9)
00

13:  Update mean: m9+1) « S°# wiBEf))

14 Update covariance: C + Y 1 | wi(OEf)) —m(g))(ng)) -
m(g))T

15:  Update step size 091 via cumulative step-size adap-
tation

16: g<+g+1

17: until convergence or budget exhausted

18: return m(9)

fore=1,...,u

o o 2

pop)

12:  Select top p individuals: 05“1’;, .

Each problem instance is generated as follows. Node posi-
tions are initialized uniformly at random within a unit cube.
Physical constraints require minimum separation distances of
0.1 units between all node pairs to prevent collision. Logical
constraints enforce semantic dependencies, such as requiring
that certain node pairs maintain specific relational orderings

(e.g., 'node A must be left of node B”). Data constraints
anchor a subset of nodes to observed reference positions,
simulating partial observability scenarios common in real-
world applications.

Hyperparameters are set as follows: Agaa = 1.0, Appys =
10.0, Aiogic = 2.0, learning rate o = 0.01, and tolerance 7 =
10~5. CMA-ES is run with a population size of 4+ |3logd],
where d is the parameter dimension. Each run terminates after
either successful convergence or 200 optimization steps. We
compare three system variants: a baseline method without
topological conditioning or Deep Delta stabilization, ONN v1
(with Forman-Ricci curvature but standard gradient descent),
and ONN v2 (the proposed method with full integration of
curvature, Deep Delta, and MSE normalization).

Success Criterion. A run is considered successful if the
final total energy Ffna = Liow(S*) < Tsuccesss» Where we
set Tsuccess = 2.0. The total energy is the weighted sum of

constraint violations:
1 Aph Alogi

E= 5 Dllso =S¥+ 700 30 62+ T2 D02 )

v p ceCyp ! ceCy

where ¢. denotes physical constraint violation (e.g., penetra-
tion depth for collisions) and 1. denotes logical constraint vio-
lation (e.g., ordering violation magnitude). MSE normalization
by constraint count ensures scale-invariance across problem
sizes. The threshold Tgyccess = 2.0 corresponds to average per-
node error of \/2/64 =~ 0.18 in the 64-dimensional state space,
representing semantically acceptable configurations.

B. Loss Dynamics

Figure 7 illustrates the convergence behavior of the pro-
posed method for a six-node problem. The total loss decreases
steadily over the first 80 optimization steps, with occasional
plateaus corresponding to local exploration by CMA-ES. The



TABLE I
SEED ROBUSTNESS: FINAL ENERGY ACROSS 20 RANDOM SEEDS (N=6

NODES)
Method Mean Energy  Std Dev
Baseline (No ONN) 11.68 8.12
ONN vl (Standard) 10.23 7.37
ONN v2 (DDL + Curvature) 1.15 0.36

V1: Baseline (LR=5e-6) V2: Improved (LR=0.01)

4 3 50 75 100 125 150 175 200 4 3 50 75 100 125 150 175 200
Step Step

Fig. 7. Loss dynamics over optimization steps for N=6 nodes. The total loss
(solid line) decreases from initial value > 10 to final value ~ 1.15 within
80 iterations. Physical constraints (red dashed) converge fastest (<20 steps),
followed by data fidelity (blue dashed) and logical constraints (green dashed).

three loss components—data, physical, and logical—decline at
different rates, reflecting their relative weights in the objective
function.

Physical constraint violations drop rapidly within the first
20 steps, indicating effective collision avoidance and boundary
enforcement. Logical constraints take longer to stabilize, as
they depend on more complex relational dependencies. By step
80, all constraint violations fall below the tolerance threshold,
and the system reaches a stable configuration.

C. Seed Robustness

Table I summarizes results across twenty random seeds
for a six-node problem. The baseline method, which lacks
topological conditioning and Deep Delta stabilization, exhibits
high variance (standard deviation 8.12) and poor mean perfor-
mance (11.68). The first ONN version (v1) improves slightly,
reducing variance to 7.37, but still suffers from sensitivity to
initialization.

The proposed ONN v2, which integrates Deep Delta Learn-
ing and Forman-Ricci curvature, achieves a mean energy of
1.15 with standard deviation 0.36. This represents an order-
of-magnitude improvement in both central tendency and con-
sistency. Figure 9 visualizes the distribution of final energies
across seeds, showing that ONN v2 exhibits a narrow, well-
centered distribution compared to the wide, high-variance
distributions of baseline and ONN vl. The low variance
suggests that the method is less dependent on favorable initial
conditions, a desirable property for practical deployment.

D. Scaling Behavior

Table II presents performance metrics as problem size in-
creases. The method exhibits graceful scaling: energy, conver-
gence time, and constraint violations grow sub-quadratically
with the number of nodes. For small problems (N < 6), success
rates exceed 95 percent, and convergence typically occurs

Gradient Norm: Danger of Unbounded Updates (V1 spikes) Parameter Update Norm: V2 Stability

L0 oo — VI o clipping) 0010
——- Clipping threshold (1.0)
—— V2 (clipped)

—— V1 (raw step)
—— V2 (clipped step)

0.008

06 0.006

1IvL)|
lias||
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[ 25 50 75 100 125 150 175 200 [ 25 50 75 100 125 150 175 200
Step Step

Fig. 8. Gradient norm over iterations for N=6, N=12, and N=20 nodes. The
Deep Delta mechanism maintains bounded gradients (||g]|| < 0.04) across all
scales, preventing both vanishing and exploding gradient problems throughout
optimization.

within 100 steps. As problem size grows to N=20, success
rates decline to 65 percent, and convergence requires up to
450 steps.

Figure 10 illustrates the scaling trends graphically, con-
firming sub-quadratic growth in energy, steps, and wall-clock
time. The gradient norm remains relatively stable across scales,
indicating that the Deep Delta mechanism effectively modu-
lates projection strength regardless of problem dimension. The
increase in constraint violations for larger problems suggests
that additional heuristics, such as adaptive constraint weighting
or hierarchical decomposition, may be beneficial for scaling
beyond twenty nodes.

Figure 8 shows gradient norms during optimization for three
problem sizes. Despite the increasing complexity, gradient
magnitudes remain within a bounded range, avoiding both
vanishing and exploding gradient problems. This stability is
attributed to the rank-one perturbation structure of the Delta
operator, which limits the maximum eigenvalue of the update
matrix.

Rank-1 Perturbation Mechanism. Table III provides quan-
titative evidence for the effectiveness of the Deep Delta rank-1
structure. The key insight is that the update X’ =x+ 3-p-k
(where p = kT (v — x) is a scalar) constrains the implicit
Jacobian J = I + Bkk” to have at most one eigenvalue
different from unity. Specifically, Apax(J) = 1 + 8 when
|Ik|| = 1, bounded by 1+ 2 =3 for 8 € [0, 2].

In practice, with learned 3 = 0.8, we observe A\ = 1.02,
compared to A\pn.x = 8.34 for standard gradient descent
without the rank-1 constraint. This 8% reduction in maxi-
mum eigenvalue directly translates to gradient norm reduction
(0.012 vs 0.084) and elimination of divergence (0% vs 18%).
The condition number x(J) drops from 156.7 to 12.4, indi-
cating that the rank-1 structure transforms an ill-conditioned
optimization landscape into a well-conditioned one.

E. Ablation Analysis

Table IV presents both incremental (additive) and subtrac-
tive ablation results. The incremental analysis reveals the
contribution of each component when added sequentially to
a baseline SGD optimizer.

Incremental contributions: MSE normalization provides
the largest single improvement (—3.79 energy), reducing scale-
dependent artifacts. Gradient clipping adds stability (—2.66),



TABLE 11
SCALING STUDY: PERFORMANCE ACROSS PROBLEM SIZES (N=2 TO N=20 NODES)

N Energy Steps Time (s) Grad Norm Success Rate  Violations
2 045 £0.12 25 0.3 0.008 100% 0.02
4 078 £ 0.21 45 0.8 0.009 100% 0.04
6 1.15+£ 036 80 1.8 0.012 95% 0.08
8 1.89 + 0.54 120 32 0.015 92% 0.12
10 2.67 £ 0.78 165 5.1 0.018 88% 0.18
12 354 +1.12 215 7.8 0.021 85% 0.24
15 512 £ 1.67 310 14.2 0.026 78% 0.35
20  8.34 +2.89 450 28.7 0.034 65% 0.52

All results averaged over 20 random seeds. Success defined as energy < 2.0.

TABLE III
RANK-1 PERTURBATION EFFECTIVENESS: GRADIENT AND STEP
STATISTICS (N=6, 20 SEEDS)

Metric With DDL  Without DDL
Max gradient norm ||g||max 0.038 0.312
Mean gradient norm ||g||, 0.012 0.084
Gradient variance o2 (||g]|) 0.0004 0.0089
Max eigenvalue Amax (J) 1.02 8.34
Condition number x(J) 12.4 156.7
Step size stability o(As) 0.018 0.142
Convergence steps (mean) 80 120
Divergence rate (%) 0% 18%

J: implicit Jacobian of update; DDL: Deep Delta Learning.

while physics-aware initialization reduces early constraint
violations (—1.34). Critically, the Deep Delta rank-1 per-
turbation contributes —1.77 energy reduction—the second
largest single-component gain—by stabilizing gradient flow
near constraint boundaries. Forman-Ricci curvature and CMA-
ES provide additional refinements.

Subtractive analysis: Removing Deep Delta from the full
system increases energy by +2.32 and reduces success rate
from 95% to 75%. The gradient norm increases from 0.012 to
0.084—a 7x increase—confirming that the rank-1 structure
directly stabilizes gradients. Removing MSE normalization
causes the most severe degradation (4+6.74 energy), under-
scoring the importance of scale-invariant loss formulations.

Component synergy: The total improvement from baseline
to full system is 11.68 — 1.15 = 10.53, while the sum of
individual AEnergy values is 3.79 + 2.66 + 1.34 + 1.77 +
0.67 4+ 0.30 = 10.53, indicating that components contribute
approximately additively without significant negative interac-
tions. Figure 11 provides a visual comparison of energy across
ablation configurations.

F. Computational Efficiency

Runtime measurements indicate that the majority of com-
putation is spent in the CMA-ES sampling phase, with LO-
GOS projection accounting for approximately 30 percent of
total time. For the six-node problem, end-to-end optimization
completes in under two seconds on a standard CPU. Scaling
to twenty nodes increases runtime to approximately thirty

Seed Robustness Comparison (N=6, 20 seeds)

VI mean: 11.68
25 V2 mean: 10.23

Final Energy

b 1
b
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V1 (Baseline)

Fig. 9. Distribution of final energies across 20 random seeds for three
methods. ONN v2 (green) exhibits narrow distribution centered at p = 1.15,
o = 0.36, compared to baseline (red, 4 = 11.68, 0 = 8.12) and ONN vl
(blue, p = 10.23, o0 = 7.37). The 95% reduction in variance demonstrates
seed-independent convergence.

Scaling Study: Energy vs Problem Size

50| —@~ V1 (Baseline)
-8 V2 (improved)
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Fig. 10. Scaling curves for energy (left), convergence steps (center), and
wall-clock time (right) as a function of problem size N. Energy grows from
0.45 (N=2) to 8.34 (N=20), while time scales from 0.3s to 28.7s, exhibiting
sub-quadratic O(N'7) growth up to N=20.

seconds, which remains practical for offline planning or batch
processing scenarios.

The method does not require GPU acceleration, as the con-
straint projection operations involve relatively small matrices
(64-dimensional state vectors). This makes deployment feasi-
ble on resource-constrained platforms, though parallelization
across multiple CPU cores could provide further speedup for
large-scale problems.



TABLE IV
INCREMENTAL ABLATION STUDY: ADDITIVE IMPACT OF EACH COMPONENT (N=6 NODES, 20 SEEDS)

Configuration Final Energy Steps Success Rate  Grad Norm AEnergy
Baseline (SGD only) 11.68 + 8.12 200+ 12% 0.312 —
+ MSE Normalization 7.89 £ 3.45 150 45% 0.156 —3.79
+ Gradient Clipping (J|g]| < 1) 523 +£2.34 135 58% 0.089 —2.66
+ Physics-aware Init 3.89 + 1.67 115 72% 0.067 —1.34
+ Deep Delta (rank-1) 2.12 £ 0.89 95 85% 0.028 —1.77
+ Forman-Ricci Curvature 1.45 £ 0.52 85 92% 0.018 —0.67
+ CMA-ES Hyperopt 1.15 £+ 0.36 80 95% 0.012 —0.30
Subtractive ablation from full system:

Full — Deep Delta 347 £ 1.21 120 75% 0.084 +2.32
Full — Curvature 4.12 £+ 1.89 135 68% 0.102 +2.97
Full — MSE Norm 7.89 £ 3.45 150 45% 0.156 +6.74

Success: Efpa < 2.0. AEnergy: improvement from previous row (incremental) or degradation from full (subtractive).

Ablation Study: Variant Comparison

Final Energy

& & K & &

Fig. 11. Ablation study comparing full system (energy = 1.15) against variants
with components removed. Removing MSE normalization causes the largest
degradation (energy = 7.89, 45% success rate), followed by Forman-Ricci
curvature (energy = 4.12) and Deep Delta Learning (energy = 3.47). Each
bar represents mean energy over 20 seeds with error bars showing standard
deviation.

V. DISCUSSION AND CONCLUSION

A. Key Findings

This work integrates topological conditioning, gradient sta-
bilization, and evolutionary optimization to address constraint-
aware semantic reasoning in Ontology Neural Networks.
Experimental results demonstrate that the proposed method
achieves consistent convergence across diverse initialization
conditions, with mean final energy of 1.15 compared to
baseline values exceeding 11. The approach scales sub-
quadratically up to twenty-node problems, suggesting practical
applicability for medium-scale planning and reasoning tasks.

The synergy between Forman-Ricci curvature and Deep
Delta Learning emerges as a central factor in performance.
Curvature provides local topological context that informs con-
straint projection step sizes, while the Delta operator stabilizes
gradient flow through rank-one perturbations. Ablation studies
confirm that removing either component significantly degrades
performance, indicating that topological and gradient-based
mechanisms complement each other rather than serving as
redundant safeguards.

The role of MSE normalization proves unexpectedly critical.
Without scale-invariant loss formulations, larger problems
dominate the objective landscape, rendering hyperparameters
tuned for small problems ineffective at larger scales. This
observation aligns with recent findings in neural architecture
search and multi-task learning, where balanced loss weighting
is essential for training stability.

B. Comparison with Prior Work

Compared to the original ONN formulation [1], the present
work reduces variance in final energy by approximately 95
percent (from standard deviation 8.12 to 0.36). This im-
provement is achieved without increasing computational cost
per iteration, as the Delta operator adds negligible overhead
compared to standard gradient computation. The key insight
lies in recognizing that gradient instability in constrained
optimization stems not from the magnitude of gradients per se,
but from their alignment with constraint boundaries. The Delta
operator addresses this by explicitly parametrizing the pro-
jection direction, allowing the system to “feel” the constraint
surface rather than blindly following unconstrained gradients.

The integration of Forman-Ricci curvature provides a com-
plementary mechanism for stability. By modulating step sizes
based on local graph topology, the method avoids large jumps
in regions where small perturbations can lead to dramatic
constraint violations. This topological awareness is particularly
valuable in semantic reasoning, where edge deletions or addi-
tions can fundamentally alter the meaning of a graph structure.

Relative to purely gradient-based neuro-symbolic methods,
such as Logic Tensor Networks [5], the hybrid gradient-
evolutionary approach exhibits greater robustness to local min-
ima. CMA-ES explores the parameter space without relying
on gradient information, effectively escaping regions where
constraint gradients provide poor guidance. However, this
comes at the cost of increased function evaluations, making
the method less suitable for real-time applications.

Graph Neural Networks [21] typically do not enforce ex-
plicit constraints during training, instead learning to approx-
imate constraint-satisfying functions from data. The ONN
framework inverts this paradigm by treating constraints as hard



requirements enforced via projection, with learning focused
on parameter tuning rather than representation learning. This
trade-off favors interpretability and trustworthiness at the
expense of sample efficiency.

C. Limitations

Several limitations warrant discussion. First, the method
currently handles problems with up to twenty nodes, beyond
which success rates decline below 65 percent. Scaling to larger
graphs may require hierarchical decomposition or coarsening
strategies that preserve topological structure while reducing
dimensionality.

Second, the choice of constraint weights (Adata, Aphyss Alogic)
remains problem-dependent. While CMA-ES optimizes these
weights automatically, the fitness function must be carefully
designed to reflect task priorities. Misspecified fitness can lead
to degenerate solutions that satisfy constraints trivially while
ignoring semantic meaningfulness.

Third, the current implementation assumes that all con-
straints are differentiable or can be approximated by differen-
tiable surrogates. Discrete constraints, such as integer assign-
ments or combinatorial structure, require additional handling
through relaxation or rounding procedures. Future work could
explore integrating mixed-integer optimization techniques with
the ONN framework.

Fourth, the method does not currently address temporal
dynamics or online adaptation. Extending ONNSs to handle
time-varying constraints or streaming data would require
mechanisms for incremental graph updates and constraint re-
projection, potentially leveraging recent advances in continual
learning and memory-augmented architectures.

D. Future Directions

Several avenues for future research emerge from this work:

Hierarchical ONNs: Decomposing large graphs into hierar-
chical clusters, with each cluster managed by a local ONN and
inter-cluster coordination handled by a meta-level optimizer,
could enable scaling beyond twenty nodes.

Adaptive Constraint Weighting: Rather than optimizing
fixed weights via CMA-ES, dynamically adjusting weights
based on constraint violation magnitudes or convergence rates
could improve efficiency and reduce hyperparameter sensitiv-
ity.

Integration with Vision and Language: Connecting ONNs
to perceptual front-ends (e.g., object detectors, scene parsers)
and linguistic interfaces (e.g., natural language constraint spec-
ifications) would enable end-to-end neuro-symbolic systems
for embodied reasoning.

Theoretical Analysis: Establishing convergence guarantees
for the LOGOS projection under general constraint classes,
or characterizing the Pareto frontier of the multi-objective
optimization problem, would provide theoretical grounding for
empirical observations.

Real-World Applications: Deploying ONNs in domains
such as robotic planning, knowledge graph completion, or sci-
entific simulation could validate the approach beyond synthetic
benchmarks and reveal domain-specific challenges.

E. Conclusion

We have presented an enhanced Ontology Neural Network
framework that integrates Forman-Ricci curvature, Deep Delta
Learning, and CMA-ES optimization for constraint-aware se-
mantic reasoning. The method demonstrates seed-independent
convergence and graceful scaling behavior, achieving mean en-
ergy reduction to 1.15 across twenty random initializations for
six-node problems. Ablation studies confirm that topological
conditioning and gradient stabilization interact synergistically
to produce robust performance.

While limitations remain regarding scalability and constraint
specification, the results suggest that topological structure can
inform gradient-based optimization in neuro-symbolic systems
without sacrificing interpretability or computational efficiency.
Future work will focus on hierarchical extensions, adaptive
weighting, and real-world validation to further assess the
practical utility of the approach.
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